2008 5th/6th grade test, solutions underlined
Event 5: Team Problems, 20 minutes, 100 points total (25 per section)

Problem 1: Hundreds chart pieces

This is a hundreds chart: [See chart on students’ problem sheet]

You may have used the hundreds chart to learn about numbers and operations.

Each of the puzzle pieces on the following pages fits on the hundreds chart in 

one and only one way. Each square is a multiple of a certain number, as shown in 

the clues.

For example… [x3, x9, x10] 

has only one solution that fits on the hundreds chart: [18, 9, 10].

For each of the puzzle pieces, write the appropriate numbers directly into each 

of the squares. (1 pt. for each correctly filled square)

1) [x4, x7, x11, x8] is [12, 21, 22, 32]

2) [x4, x7, x13, x8] is [68, 77, 78, 88]

3) [x7, x3, x5, x4] is [77, 87, 95, 96]

4) [x17, x3, x5, x4] is[17, 27, 35, 36]

Now some of these hundreds chart pieces have clues (in black with white letters) 

saying that a square is not a multiple of a certain number!

For each of the puzzle pieces, write the appropriate numbers directly into each 

of the squares. (1 pt. for each correctly filled square)

5) [x7, x8, not x3] is [14, 24, 33]

6) [x7, not x 4, x3] is [28, 29, 30]

7) [x7, not x3, x4] is [42, 43, 44]

Comments:

What will help students the most in solving this problem, I think, is to use the hundreds chart on the first page and mark multiples of 3, 4, 5, 7, 8, 11, and 13. This should speed the process of finding the appropriate values for each square. Students should hopefully realize that there is a pattern for each set of multiples on the chart.
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Problem 2: Planetary orbits

Here are two planets circling a star that are presently aligned:

[See picture on students’ problem sheet]

If planet A takes 6 Earth years to orbit the star, and planet B takes 9 Earth years to orbit the star, then the first time that both planets will return to this same position will be in 18 Earth years. Planet A will make 3 orbits, while planet B will make 2 orbits.

All of the following problems will deal with how long it takes planets to orbit.

For the following problems, determine the least number of Earth years it will take for the planets listed to be aligned in the same position. (1 pt. each)

[planet A: 4 years, planet B: 6 years, planet C: 15 years, planet D: 21 years]

1) planets A and B = 12 years

2) planets B and C = 30 years
3) planets C and D = 105 years
4) planets A, B, and C = 60 years
5) planets A, B, C, and D = 420 years
For the following problems, you are given the times of the innermost and outermost planetary orbits, along with the minimum times for some combinations of planets to be aligned in the same position. Find the times of the middle planetary orbits. Note that, because the orbits increase in size, the times of planetary orbits must be strictly increasing. (2 pts. each blank)

1) planet A = 4 years, planet D = 12 years, planet B and C = 30 years, planet C and D = 60 years, thus planet B = 6 years and planet C = 10 years.

2) planet A = 8 years, planet D = 40 years, planet B and C = 70 years, planet A and B = 56 years, thus planet B = 14 years and planet C = 35 years.

3) planet A = 4 years, planet D = 36 years, planet B and C = 165 years, planet C and D = 180 years, thus planet B = 11 years and planet C = 15 years.

4) planet A = 8 years, planet D = 49 years, planet B and C = 210 years, planet A and C = 280 years, thus planet B = 30 years and planet C = 35 years.

5) planet A = 12 years, planet D = 75 years, planet B and C = 390 years, planet A and C = 156 years, planet B and D = 150 years, thus planet B = 30 years and planet C = 39 years.

Comments:

This problem focuses on the idea of least common multiple (LCM). In the very first set of questions, students simply find the least common multiple of the planetary orbit times listed. The second set of questions reverse the process: students now know the LCM of certain sets of orbit times and must deduce the missing orbit times. This can be done by factoring the LCM and the orbit times given, then determining what factors must be present in the missing orbit times. Something that students might initially overlook is that some factors may appear in both orbit times.

For question 1, the factors of (B & C) 30 are 2, 3, and 5. Since the LCM of C and D is 60, 5 must be a factor of C. But 5 alone would be too small, and 15 would be too large, so the orbit time of C must be 10. This means the orbit time of B must contain a factor of 3. 3 alone is too small, while 15 is too large, thus the orbit time of B must be 6.

For question 2, the factors of (B & C) 70 are 2, 5, and 7. Since the LCM of A and B is 56, this means 7 must be a factor of B. But the orbit cannot simply be 7, since it must be greater than the orbit time of A, which is 8. Thus the orbit time of B is either 14 or 35. If it is 35, then the orbit time of C must be 10 (too small), 14 (too small), or 70 (too large). If the orbit time of B is 14, then the orbit time of C must be 10 (too small), 35 (just right) or 70 (too large).

For question 3, the factors of (B & C) 165 are 3, 5, and 11. Since the LCM of C and D is 180, then C must have a factor of 5. 5 alone would be too small, while 55 would be too large, thus the orbit time of C must be 15. Thus the orbit time of B must be 11 (multiplying by 3 or 5 would make it too large).

For question 4, the factors of (B & C) 210 are 2, 3, 5, and 7. Since the LCM of A and C is 280, then C must have the factors 5 and 7. The orbit time of C must be simply 35 (since multiplying by 2 or 3 would make it too big). This means that B must have factors 2 and 3. But the orbit time of B cannot be 6 (too small) or 42 (too big), so it must be 30.

For question 5, the factors of (B & C) 390 are 2, 3, 5, and 13. Starting with the LCM of (A & C) 156, C must have a factor of 13. This alone is too small, so the orbit time of C could be 26 or 39, but not 65 (the LCM of A & C did not have a factor of 5). The LCM of (B & D) 150 means that B must have a factor of 2. If the orbit time of C was 26, then B would need the factors 3 of 5 (from the LCM of B & C) plus the factor 2 (from the LCM of B & D), but this would mean that the orbit time of B would be 30, which is too large. Thus, the orbit time of C must be 39, which means that B would need the factors of 2 and 5. An orbit time of 10 is too small, and 130 is too large, so B must have an orbit time of 30.
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Problem 3: Digit sum operation

The operation DS, which stands for digit sum, takes the digits of a number and adds them together.

Example:

DS(25) = 2 + 5 = 7

DS(184) = 1 + 8 + 4 = 13

DS can be applied multiple times.

Example:

DS(DS(184)) = DS(13) = 4

DS applied to a single digit number results in zero.

Example:

DS(3) = 0

For the following problems, apply the DS operation and give the result. (1 pt. each)

1) DS(862,931) = 29
2) DS(DS(5,871,024)) = 9
3) DS(DS(DS(6,518,379))) = 3
4) DS(DS(DS(7,623,895))) = 0
5) DS(DS(DS(138,406)) + DS(DS(290,518))) = 2
For the following properties of the DS operation, circle the correct answer. (1 pt. each)

1) If N is divisible by 2, then DS(N) is divisible by 2: Always Sometimes Never

2) If N is divisible by 3, then DS(N) is divisible by 3: Always Sometimes Never

3) If N is divisible by 4, then DS(N) is divisible by 4: Always Sometimes Never

4) If N is divisible by 5, then DS(N) is divisible by 5: Always Sometimes Never

5) If N is divisible by 6, then DS(N) is divisible by 6: Always Sometimes Never

6) If N is divisible by 7, then DS(N) is divisible by 7: Always Sometimes Never

7) If N is divisible by 8, then DS(N) is divisible by 8: Always Sometimes Never

8) If N is divisible by 9, then DS(N) is divisible by 9: Always Sometimes Never

For the following properties of the DS operation, circle the correct answer. (2 pts. each)

1) For any positive, whole number M, DS(M) < M: Always Sometimes Never

2) If DS(P) = DS(Q), then P = Q. True False
3) If DS(P) > DS(Q), then P > Q. True False
For the following questions, state the desired number. (2 pts. each)

1) What is the smallest positive number X such that DS(X) > 0? X = 10
2) What is the smallest positive number X such that DS(DS(X)) > 0? X = 19
3) What is the smallest positive number X such that DS(DS(DS(X))) > 0? X = 199
Comments:

The DS operation is pretty different from standard operations, but isn’t all that challenging to compute. For the properties, a few examples should be adequate to determine the answer for each. However, the proofs for the three properties that are always true are somewhat challenging (involving modularity and place value).

For the final three questions, you can work backward. The smallest number where DS(X) ≠ 0 is X = 10. The smallest number where DS(X) = 10 is X = 19, etc…. After the problems listed, the continuation of the sequence generates some incredibly large numbers. The next iteration (DS(DS(DS(DS(X)))) ≠ 0) is the number 1 with 22 9’s after it – that’s almost 20 billion trillion.

Some other questions for students:

Does DS(A + B) = DS(A) + DS(B)?

Does DS(A – B) = DS(A) – DS(B)?

Does DS(A x B) = DS(A) x DS(B)?

Does DS(A ÷ B) = DS(A) ÷ DS(B)?

Turns out the answer to each of these is no, but there are certain instances of A and B where these are true. It might be interesting to investigate what properties A and B must have to make these statements true.
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Problem 4: Number line windows

Imagine you have a number line that looks like this: [See student’s worksheet for picture]

We can place a window on top of this number line so that some numbers show through the window while others don’t: [See student’s worksheet for picture]

Then “window functions” can be applied to the window to move the window around. Here are two window functions and what they would produce when applied to the above window:

Window function A:

Left edge moves -> 1

Right edge moves <- 1

Whole window moves -> 4

Example: [1, 10] becomes [6, 13]

Window function B:

Left edge moves <- 2

Right edge moves <- 5

Whole window moves <- 1

Example: [1, 10] becomes [-2, 4]

Apply each of the following window functions, or series of window functions, to a window that shows the numbers 3 through 17. State the new endpoints of the number line that show through the window. (1 pt. each)

Original window: 
[3, 17]

Apply A: 

[8, 20]
Apply B:

[0, 11]
Apply A, A:

[13, 23]
Apply B, B:

[-3, 5]
Apply A, B:

[5, 14]
Apply A, B, A:
[10, 17]
Apply A, B, A, B:
[7, 11]
If we apply either of the window functions enough times, the numbers visible through the original window will be covered up.

If we start with the window showing the numbers 1 through 10 and apply A 

once, we get [6, 13]. Apply A again, and we get [11, 16].

Now none of the numbers we could see through the original window (1 to 10) 

are currently visible.

For each of the following windows, determine the minimum number of times the given window functions must be applied so that the numbers showing through the original window are no longer visible. Note: each time you apply either A or B, it counts as one time you have applied a window function. (2 pts. each blank)

	Window functions
	[7, 38]
	[23, 149]
	[53, 1374]

	Apply A, A, A, …
	7 times
	26 times
	265 times

	Apply B, B, B, …
	6 times
	22 times
	221 times

	Apply A, B, A, B, …
	13 times
	51 times
	529 times


Comments:

The easiest way to solve these problems is to simplify the “window functions” by tracing what happens to the endpoints.

	Function
	Original window
	Becomes

	A
	[x, y]
	[x + 5, y + 3]

	B
	[x, y]
	[x – 3, y – 6]

	AB
	[x, y]
	[x + 2, y – 3]


For the second set of problems, you need to take into consideration which direction the window moves, as this will tell you which endpoint you need to worry about. In function A, the window moves right, so you need to keep track of the left endpoint. Since the left endpoint moves by 5 each time, you need to take the size of the window, divide by 5, and round up to the nearest whole number. In function B, the window moves left, so you need to keep track of the right endpoint. Since the right endpoint moves by 6 each time, you need to take the size of the window, divide by 6, and round up to the nearest whole number. 

When alternating the functions, notice that the window essentially contracts by 5 each time, contracting by 2 when you apply A and contracting by 3 when you apply B. Instead of moving the window past the original field of numbers, when alternating the functions you need to simply wait until the window disappears. This occurs by having the left edge of the window on the number n an the right edge of the window on n – 1. The size of each window is two more than a multiple of 5. Thus, you can divide the size of the window by 5, truncate, double that number (since you’ve applied both A and B to contract the window by 5 each time), then add one more to make the window disappear (by applying A one more time). 
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