2008 7th/8th grade test, solutions underlined
Event 5: Team Problems, 20 minutes, 100 points total (25 per section)

Problem 1: Spiral patterns [NOTE: This problem only worth 24 points – give each team 1 bonus point for free. Sorry.]

Starting in the middle, we’ve wrapped the counting numbers around in a spiral that can continue forever.

[See test for picture of the spiral.]

In the questions on the following pages, sets of numbers along diagonals in the spiral have been highlighted. Following the pattern, give the appropriate terms.

(1 pt. each blank)

1) 1, 9, 25, 49, 81, … 

10th term: 361

20th term: 1521
2) 2, 10, 26, 50, 82, …
10th term: 362

20th term: 1522
3) 4, 16, 36, 64, 100, …
10th term: 400

20th term: 1600
4) 1, 5, 17, 37, 65, …

10th term: 325

20th term: 1445
(2 pts. each blank)

1) 1, 7, 21, 43, 73, …

10th term: 343

20th term: 1483
2) 2, 8, 22, 44, 74, …

10th term: 344

20th term: 1484
3) 1, 3, 13, 31, 57, 91, …
10th term: 307

20th term: 1407
4) 2, 12, 30, 56, 90, …
10th term: 380

20th term: 1560
Comments:

First, there are many, many ways to figure out and describe these patterns. While there is, of course, only one correct answer to each question, the suggested ways of looking at these patterns below are only one of many ways of figuring out the answers.

In Part 1, the patterns should be clear (even without the spiral). The first pattern is odd squares, which can be represented by (2n – 1)2. The second pattern simply adds one to each of the terms in the first pattern. The third pattern is even squares, which can be represented by (2(n + 1))2. The fourth pattern is one more than these numbers, but 1 is inserted as the first term, bumping the rest of the terms. In other words, we can’t just add 1 to the tenth term in the third pattern to get the tenth term in this pattern. Instead, we need to add 1 to the ninth term in the third pattern.

In Part 2, there are several different ways to describe the patterns. One is to look at the differences between the numbers. For example, in the first pattern, the differences are 6, 14, 22, 30, …. Notice that these numbers are going up each time by 8 (all of the patterns in Part 2 do this). While you can use this information to create a formula to describe each pattern, I think there’s an easier way, and it involves the spiral. You can rewrite each pattern by moving around the spiral. The first pattern, 1, 7, 21, 43, 73, …, can be rewritten as 1, 9 – 2, 25 – 4, 49 – 6, 81 – 8, …. This would mean that the formula for this pattern is (2n – 1)2 – 2(n – 1) = 4n2 – 6n + 3. The second pattern simply adds one to each of the terms in the first pattern. The third pattern, 1, 3, 13, 31, 57, 91, …, can be rewritten as 1, 4 – 1, 16 – 3, 36 – 5, 64 – 7, 100 – 9, …. This would mean that the formula for this pattern is (2(n – 1))2 – (2n – 3) = 4n2 – 10n + 7. The fourth pattern is one less than these numbers, but the first term from the pattern has been removed. Thus, we can’t just subtract 1 from the tenth term in the third pattern to get the tenth term in this pattern. Instead, we need to subtract 1 from the eleventh term in the third pattern.
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Problem 2: The lottery

Several states now have a new type of lottery where you pick some numbers, the lottery picks some numbers, and you win depending upon how many numbers you match or do not match. The following problems will explore this type of lottery.

Lottery #1:

There are five numbers (1 through 5). You pick two numbers. The lottery picks two numbers. You win if you match all of your numbers or none of your numbers in no particular order.

Example: The lottery picks 2, 5.

You picked 2, 5.


You win!

You picked 1, 4.


You win!

You picked 2, 4.


You lose.

Express each answer as a reduced fraction.

What are the chances of matching all of your numbers? 1/10 (3 pts.)

What are the chances of matching none of your numbers? 3/10 (3 pts.)

Lottery #2:

There are ten numbers (1 through 10). You pick three numbers. The lottery picks five numbers. You win if you match all of your numbers or none of your numbers in no particular order.

Example: The lottery picks 2, 5, 6, 7, 9.

You picked 2, 5, 9.


You win!

You picked 1, 4, 8.


You win!

You picked 2, 4, 9.


You lose.

Express each answer as a reduced fraction.

What are the chances of matching all of your numbers? 1/12 (4 pts.)

What are the chances of matching none of your numbers? 1/12 (4 pts.)

Lottery #3:

There are twenty numbers (1 through 20). You pick five numbers. The lottery picks eight numbers. You win if you match all of your numbers or none of your numbers in no particular order.

Example: The lottery picks 2, 5, 6, 7, 9, 11, 15, 17.

You picked 2, 5, 9, 11, 17.

You win!

You picked 1, 4, 8, 13, 20.

You win!

You picked 2, 4, 9, 13, 17.

You lose.

Express each answer as a reduced fraction.

What are the chances of matching all of your numbers? 7/1938 (5 pts.)

What are the chances of matching none of your numbers? 33/646 (6 pts.)

Comments:

In these probability problems, students need to multiply to find the chances of multiple events occurring. Note that this lottery works by picking numbers without replacement (in some lotteries, each pick is drawn from the full set of numbers) – hopefully the examples clarify this for the students. In the first lottery, the odds of matching two are (2/5) x (1/4) = 2/20 = 1/10. The odds of matching none are (3/5) x (2/4) = 6/20 = 3/10.

In the second lottery, the odds of matching three of five are (5/10) x (4/9) x (3/8) = 60/720 = 1/12. Because the lottery picks half of the numbers, the odds of matching all or none of your numbers is the same, 1/12.

In the third lottery, the odds of matching five of eight are (8/20) x (7/19) x (6/18) x (5/17) x (4/16) = 6720/1860480 = 7/1938. The odds of matching none are (12/20) x (11/19) x (10/18) x (9/17) x (8/16) = 95040/1860480 = 33/646.

This problem was based on a relatively new lottery in Ohio called Ten-OH! This lottery has a pool of 80 numbers, where you draw 10 numbers, and the lottery draws 20. You win various payouts if you match 5, 6, 7, 8, 9, 10, or none of the numbers. The odds of matching 5 numbers (1/19) or none of the numbers (1/22) are pretty good, but the payouts at this level are low. Ten-OH!’s slogan is “Match half the numbers, win all the money!” However, the odds of winning the grand prize of $500,000 are 1/8,911,711. [Source: Ohio Lottery website at http://www.ohiolottery.com]
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Problem 3: Cafeteria Combos

You and your friends like to eat the same food at the school cafeteria, but you tend to get different amounts of the items you buy. From the totals of each order, determine the price of each food item.

1) (1 pt each food)

	Slice of

cheese pizza
	Small salad
	Brownie
	Total

	1
	1
	1
	$4.45

	2
	1
	1
	$5.95

	2
	1
	2
	$6.80


1 slice of cheese pizza = $1.50
1 small salad = $2.10
1 brownie = $0.85
2) (2 pts. each food)

	Taco
	Big bag of chips
	Banana
	Total

	3
	1
	1
	$3.85

	2
	1
	2
	$3.45

	3
	2
	2
	$5.45


1 taco = $0.75
1 big bag of chips = $1.25
1 banana = $0.35
3) (2 pts. each food)

	Slice of

veggie pizza
	Bowl of soup
	Orange
	Cookie
	Total

	1
	1
	1
	1
	$3.70

	3
	1
	1
	2
	$7.60

	2
	2
	1
	2
	$6.90

	1
	1
	2
	3
	$4.80


1 slice of veggie pizza = $1.80
1 bowl of soup = $1.10
1 orange = $0.50
1 cookie = $0.30
4) (2 pts. each food)

	Mini 

cheeseburger
	Small bag

of chips
	Apple
	Ice cream

sandwich
	Total

	2
	1
	1
	1
	$3.75

	4
	2
	1
	2
	$7.05

	3
	2
	2
	1
	$5.70

	4
	1
	2
	2
	$6.80


1 mini cheeseburger = $0.80
1 small bag of chips = $0.70
1 apple = $0.45
1 ice cream sandwich = $1.00
Comments:

These problems are essentially systems of equations with three or four variables. While there are many different ways to solve systems of equations, these problems were designed to enable the easy comparison between “combos”. Even students who use this strategy will likely find many ways to solve these problems

In problem 1, the second combo has one more slice of cheese pizza than the first. Thus, the difference in price between the combos must account for the cost of one slice of cheese pizza. Similarly, the third combo has one more brownie than the second. The difference in price here must account for the cost of one brownie.

In problem 2, using the same strategy, subtracting the cost of the third combo from two of the first combo results in the price of 3 tacos. Once you know the price of a taco, you can compare the first and second or second and third combos to determine the other prices.

In problem 3, subtracting the cost of the third combo from two of the first combo results in the price of 1 orange. Removing the cost of the oranges, comparing the first and fourth combos results in the price of 2 cookies. Removing the cost of the cookies, comparing the first and second combos results in the price of 2 slices of veggie pizza. Then you can determine the price of a bowl of soup.

In problem 4, subtracting the cost of the fourth combo from two of the first combo results in the price of 1 small bag of chips. Removing the cost of the chips, comparing the cost of the second and fourth combos results in the price of 1 apple. Removing the cost of the apples, comparing the third and first combos results in the price of 1 mini cheeseburger. Then you can determine the price of an ice cream sandwich.
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Problem 4: Ice cream survey [NOTE: This problem only worth 24 points – give each team 1 bonus point for free. Sorry.]
1) 100 people were asked whether of not they liked certain flavors of ice cream. 78 people said they liked vanilla, while 45 people said they liked strawberry.

Fill in the following Venn diagrams with the number of people in each category. (1 pt. each blank)

How many people would need to like vanilla only, strawberry only, or both in order to minimize the number of people who liked neither?

Vanilla only:55
Strawberry only: 22
Both: 23
Neither: 0

How many people would need to like vanilla only, strawberry only, or both in order to maximize the number of people who liked neither?

Vanilla only:33
Strawberry only: 0
Both: 45
Neither: 22
2) 100 more people were asked whether or not they liked some other flavors of ice cream. 17 people said they liked rocky road, 24 people said they liked butter pecan, and 38 people said they liked chocolate chip.

How many people would need to like these flavors, or various combinations of them, in order to minimize the number of people who liked none of them?

Rocky road only: 17
Butter pecan only: 24

Chocolate chip only: 38

Rocky road and butter pecan: 0
Butter pecan and chocolate chip: 0
Chocolate chip and rocky road: 0
All three: 0
None of the three: 21
How many people would need to like these flavors, or various combinations of them, in order to maximize the number of people who liked none of them? You should find that there are many possible solutions, so write the one which also minimizes the number who like all three.

Rocky road only: 0
Butter pecan only: 0

Chocolate chip only: 0

Rocky road and butter pecan: 0
Butter pecan and chocolate chip: 21
Chocolate chip and rocky road: 14
All three: 3
None of the three: 62
Comments:

These problems rely on moving the hundred people around the Venn diagrams in order to accomplish the maximizing or minimizing stated above. In the first problem, because more than 100 people total say they liked one of the two flavors, it is possible for none of those surveyed to have liked neither of the flavors. In order to maximize the number who liked neither, all of the people who liked strawberry would also have to like vanilla.

In the second problem, because the total number of people who liked any of the flavors is less than 100, at least some people do not like any flavor. This number is minimized by having each person like only one flavor. In order to maximize the number of people who liked none of the flavors, you want as many people as possible to like multiple flavors. In the last problem, there was only one way to do this (by liking both flavors). However, because there are three flavors now, you could like two of the three flavors, or all three. Thus, there are multiple ways that the people who do like at least some flavor (38 people) can be distributed. Minimizing the number of people who like all three means pushing people out of that category to the two-out-of-three categories.
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