2008 7th/8th grade test, solutions underlined
Event 1: Problem solving (no calculators), 10 minutes, 25 points

Part 1: Computations (2 pts. each) Answers must be completely simplified.

1) 16 ÷ 1.25 = 12.8 or 64/5 or 12 4/5
2) 15 / 35 = 27 / 63

3) (15 x 16 x 27) / (12 x 21 x 60) = 3/7
4) (9 x 7 x 4) – 1 = 2008 ÷ 8

5) 102 / (85 – 68) = 6

Part 2: Defining a new operation (3 pts. each)

Let’s define a new operation: N ¡ M = (N + M) / N + (N – M) / M

For example 2 ¡ 3 = (2 + 3) / 2 + (2 – 3) / 3 = 5/2 – 1/3 = 13/6 or 2 1/6

1) 3 ¡ 4 = 25/12 or 2 1/12
2) 1 ¡ 7 = 50/7 or 7 1/7
3) 5 ¡ 12 = 169/60 or 2 49/60
4) Does N ¡ M = M ¡ N? Circle one: Yes No

5) If N > 0 and M > 0, then N ¡ M > 0 … Circle one: Always Sometimes Never

Comments:

In Part 1, hopefully students use the fact that 1.25 = 5/4 for #1. But students may still get confused, writing 16 ÷ 1.25 = 16 x 5/4 instead of the proper 16 x 4/5. The reduced fraction in #2 is 3/7, which is quicker to recognize than trying to cross-multiply. Similarly for #3, it is easier to reduce factors of the numerator and denominator than try to multiply everything out. I can’t think of any sort of a short cut to #4. I think #5 is deceptively tricky, because it is basically saying “102 divided by some number yields 6.” Students need to realize that they can obtain this mystery number by dividing 102 by 6 (which yields 17). However, this is still not the answer, because 17 is the difference between 85 and the number you’re looking for.

In Part 2, the operation can be simplified to (M2 + N2)/MN, if you find a common denominator and combine the two fractions. Or, more conveniently, it can be simplified to M/N + N/M, if you recognize that you can break apart the numerators to create 
N/N + M/N + N/M – M/M. While the numbers in the problems were chosen so that they weren’t too time consuming to calculate using the formula given, it will likely take students some time combining the two fractions for each problem. Even though you might not think that the operation is commutative (since it involves subtraction in the formula, which is not commutative), either simplification shows that it is (for #4). For #5, if using (M2 + N2)/MN, while the numerator will always be positive, the denominator will be positive or negative depending upon whether M and N are positive or negative.

2008 7th/8th grade test, solutions underlined
Event 2: Problem solving (with calculators), 10 minutes, 25 points

There are many different scales with which we measure temperature. Here are formulas to convert from Celsius to other temperature scales:

Celsius to Fahrenheit: 
F = 9/5 C + 32

Celsius to Kelvin:

K = C + 273.15

Celsius to Rømer:

Rø = 21/40 C + 7.5

Celsius to Delisle: 

De = 3/2 (100 – C)

For example, water freezes at the following temperatures for each scale:

	Celsius
	Fahrenheit
	Kelvin
	Rømer
	Delisle

	0° C
	32° F
	273.15° K
	7.5° Rø
	150° De


Use these conversion formulas to answer the following questions.

Part 1: Gosh it’s hot/cold (2 pts. each)

For each of the following questions, fill in the missing temperatures on the chart.

Lowest recorded naturally occurring temperature (Vostok, Antartica, July 21, 1983):

	Celsius
	Fahrenheit
	Kelvin
	Rømer
	Delisle

	-89° C
	-128.2° F
	184° K
	-39.225° Rø
	283.5° De


Highest recorded naturally occurring temperature (Al ‘Aziziyah, Libya, September 13, 1922):

	Celsius
	Fahrenheit
	Kelvin
	Rømer
	Delisle

	58° C
	136.4° F
	331° K
	37.95° Rø
	63° De


Part 2: Which is the hottest? (3 pts. each)

For each of the following questions, circle the temperature that is the hottest.

1)
100° F

100° Rø
100° De

2)
500° K

500° F

500° De

3)
-250° F
-250° Rø
-250° De
Comments:

In Part 1, students need to plug in the temperatures (in degrees Celsius) into the conversion formulas to find the same temperatures in the other various units.

In Part 2, students are no longer given temperatures in Celsius. In order to compare the temperatures given, students can use the formulas in reverse, by plugging in the various temperatures and converting each to Celsius. Here are the conversions for all of the temperatures given:

1)
100° De  = 33.33° C < 100° F = 37.78° C < 100° Rø = 176.19° C

2)
500° De  = -233.33° C < 500° K = 226.85° C < 500° F = 260° C

3)
-250° Rø = -490.48° C < -250° F = -156.67° C < -250° De = 266.66° C

Students can also use the temperature conversions from Part 1 to help them in Part 2. For example, students will hopefully recognize from the formula and the temperatures in Part 1 that the Delisle scale is the reverse of the other scales. In Delisle, a large, positive number means a cold temperature, while a low, positive (or a negative) number means a hot temperature. Thus –250° De is going to be the hottest temperature in question #3. As another example, in #1, 100° F will be colder than the hottest temperature ever recorded, while 100° Rø will be much hotter than the highest temperature ever recorded. In using the information already computed, students can avoid converting all of the temperatures in Part 2 to Celsius.

2008 7th/8th grade test, solutions underlined
Event 3: Reasoning/Logic, 15 minutes, 40 points

Part 1: Square number sums (3 pts. each)

12 =
1 
= 1

22 =
4 
= 1 + 3

32 =
9
= 1 + 3 + 5

42 = 
16 
= 1 + 3 + 5 + 7

52 = 
25
= 1 + 3 + 5 + 7 + 9

62 = 
36
= 1 + 3 + 5 + 7 + 9 + 11

72 = 
49 
= 1 + 3 + 5 + 7 + 9 + 11 + 13

From the above pattern, write the last number of the sum for each square number given. For example, if given 72, you’d write 13.

1) 82 : 15
2) 102 : 19
3) 202 : 39
4) 502 : 99
5) 1002 : 199
Part 2: Cubic number sums (5 pts. each)

13 = 
1 
= 1

23 = 
8
= 3 + 5

33 = 
27
= 7 + 9 + 11

43 = 
64
= 13 + 15 + 17 + 19

53 = 
125
= 21 + 23 + 25 + 27 + 29

63 = 
216
= 31 + 33 + 35 + 37 + 39 + 41

73 = 
343
= 43 + 45 + 47 + 49 + 51 + 53 + 55

From the above pattern, write the last number of the sum for each square number given. For example, if given 73, you’d write 55.

1) 83 : 71
2) 103 : 109
3) 203 : 419
4) 503 : 2549
5) 1003 : 10099
Comments:

In Part 1, the pattern is the nth odd number, which can be expressed as 2n – 1. 

The pattern in Part 2 is a little trickier. The sum for the cubes of odd numbers contain an odd number of terms. If you look at the middle number of each of these sums, you’ll notice it is the square of the number you’re cubing. For example, in 53 = 125 = 21 + 23 + 25 + 27 + 29, the middle number is 25 = 52. The last number (29) is 4 more than this middle number, and 4 is one less than the number you’re cubing. Thus the formula to determine the last number in these sums is n2 + (n – 1). This works for the cubes of even numbers too, even though there is no middle number (since they sum an even number of terms). For example, in 63 = 216= 31 + 33 + 35 + 37 + 39 + 41, there is no middle number. However, 62 = 36 is between 35 and 37, and sure enough 36 + 5 = 41, the last number in the sum.

Another way to figure this out is by realizing that a certain set of odd numbers makes up the numbers at the end of each sum. The odd numbers you want are the 1st, 3rd, 6th, 10th, 15th, 21st, 28th, etc… which are all triangular numbers (in other words, the sum of the first n numbers). The formula for the triangular numbers is n(n + 1)/2 = (n2 + n)/2. So, instead of 2n – 1 representing the nth odd number, we want 2((n2 + n)/2) – 1 representing the nth triangular number of odd numbers. This simplifies to n2 + n – 1, the same answer as we found before.

2008 7th/8th grade test, solutions underlined
Event 4: Mental Math, 15 seconds to view each question, 10 seconds to write, 10 points

Example) (7 x 3) + (7 + 3) = 31

1) 9 + 8 + 7 + 6 + 5 + 4 = 39
2) 102 – 72 – 32 = 42
3) 100/10 + 121/11 + 144/12 = 33
4) 38 + 39 + 40 + 41 + 42 = 200
5) 
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 = 1
6) (4 x 5 x 6)/(16 x 20 x 24) = 1/64
7) (8 x 8) + (8 + 8) = 80
8) 35(34 + 33)/36 = 36
9) (8 x 8) + (8 x 5) + (5 x 8) + (5 x 5) = 169
10) 250 x (1 + 1/250) x 8 = 2008
Comments:

There are several ways to solve each problem. Some rely on clever regrouping:

1) 9 + 8 + 7 + 6 + 5 + 4 = (9 + 4) + (8 + 5) + (7 + 6) = 3 x 13

2) 102 – 72 – 32 = 100 – 49 – 9 or (7 x 3 x 2) [a large square minus two smaller squares leaves two rectangles – draw a picture]

3) 100/10 + 121/11 + 144/12 = 10 + 11 + 12

4) 38 + 39 + 40 + 41 + 42 = (38 + 42) + (39 + 41) + 40 or 5 x 40

5) 
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 = 14 – 13

6) (4 x 5 x 6)/(16 x 20 x 24) = (4/16) x (5/20) x (6/24) = (1/4) x (1/4) x (1/4)

7) (8 x 8) + (8 + 8) = 64 + 16

8) 35(34 + 33)/36 = (38/36)(3 + 1) = 9 x 4

9) (8 x 8) + (8 x 5) + (5 x 8) + (5 x 5) = 64 + 40 + 40 + 25 or recognize that this is the FOIL of (8 + 5)2 = 132
10) 250 x (1 + 1/250) x 8 = (250 x (251/250)) x 8 = 251 x 8 [and to make this even easier, you can think of (((250 x 2) x 2) x 2) + 8]
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